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We consider a stationary self-consistent solution describing fluid accretion on a black hole. The
obtained formalism includes eects of backreaction and allows for the description of thick and heavy
clouds of gas surrounding a light nuclei. In the case of thin layers of fluid surrounding a heavy
black hole the spherically symmetric hydrodynamic accretion can be described by a purely algebraic
system of equations. The newtonian Bondi model is recovered in the nonrelativistic limit.
I. INTRODUCTION.
The problem of collapse of gas onto a spherical newtonian star has been solved by Bondi [1], [2] in early fties.
The Bondi model is valid in the asymptotic region, when sonic points are located in distances of order of milions of
Schwarzschild radiuses, but its applicability in regions close to a boundary of a black hole can raise objections. That
solution can certainly apply to the description of outer layers of thick gas clouds around black holes but there are no
legitimate stationary newtonian hydrodynamic solutions for thin clouds when external layers are close to a horizon.
On the other hand, accretion of thin layers of fluid would be interesting, because in that case some general relativistic
phenomena - say, eects of backscattering - should be seen most clearly. The eciency in terms of that radiation
that is reaching spatial innity is expected to be much smaller in the case of thin gas layers surrounding a black
hole. Redshift and backscattering shall weaken a signal or even prevent a signicant part of radiation from going out
- it can be forced to enter the interior of a black hole. Backscattering, an eect that depends strongly on the ratio
2m=R [3], can distort also the shape of an outgoing signal - that feature shall make the thin layer relativistic solution
attractive for identifying characteristics of sources (whose location is known) or localizing known sources ("standard
candles") of radiation coming from some active galaxy nuclei.
We will study a relativistic solution describing the spherical gas accretion onto a black hole. In contrast to the
known literature [4], we take into account the eect of backreaction, that can modify conclusions concerning observable
eects. The order of this paper is as follows. Next section presents spherically symmetric Einstein equations expressed
in the language of extrinsic curvatures. Section III contains a derivation of a formulation that is particularly suitable
for the description of selfgravitating fluids. In Section IV we show that the original set of integro - dierential equations
can be reduced to an integro-algebraic problem, whose solution would constitute a new stationary, general-relativistic
solution of selfgravitating fluids. That model is selfconsistent and therefore it is capable to describe even a stationary
phase of the collapse of heavy clouds of gas onto a relatively light center. Section V discusses a case when back-reaction
can be neglected. Under some circumstances, the accretion is described by a set of purely algebraic equations. Then
we show, in Section VI that asymptotic (newtonian) solution coincides with the Bondi model.
II. SPHERICALLY SYMMETRIC EINSTEIN EQUATIONS.
We shall use a spherically symmetric line element
ds2 = −N2dt2 + adr2 +R2(d2 + sin2()d2 (2.1)
where N; a and R depend on t (asymptotic time variable) and coordinate radius r. It is particularly useful to work

























(trK −Krr ): (2.3)
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Relevant Einstein equations are displayed below. We adopt the standard convention that Latin indices change from
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(trK)2 − trKKrr )N + @0trK: (2.4)




















while the momentum constraint becomes
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The evolution equation is given by
@t(K
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Above T  is the energy-momentum tensor of matter elds,  = −T
0
0 and jr = NT
0
r .














































The amount of the quasilocal mass that is contained between two spheres having radiuses r1 and r2 changes in time


























































































0 = 0: (2.12)
III. THE LEMAITRE - TOLMAN - PODURETS - MISNER - SHARP FORMALISM OF A
SELFGRAVITATING FLUID.
The above system of equations can be specialized in order to give a particularly convenient description of a self-
gravitating fluid (gas). The energy-momentum tensor reads









where  is given in (2.9). One can show that in vacuum (3.2) is satised identically.






jr = 0 = Ui (3.4)
in nonstationary geometries without minimal surfaces and with trK 6= Krr . Thus in this gauge coordinates are
"comoving" - each particle of fluid carries a xed value of a radial coordinate "r". Notice that now ~ = −T 00 =  and
T rr = ~p = T

 .



















According to formula (2.11) of the preceding section, m(R) must evolve as follows
@0m(R(r)) = −2[NR
3(trK −Krr )~p](r) (3.7)




The remaining two equations are the two continuity equations
N@r~p+ @rN(~p+ ) = 0; (3.9)
@0 = −NtrK(~p+ ): (3.10)
The rate of accretion _m of mass along orbits of constant R is equal to
(@0 − _R@R)m(R(r)) = −4NR
2U(~p+ ): (3.11)
where
U = @0R=N: (3.12)
IV. STATIONARY SELFCONSISTENT SOLUTIONS OF A COLLAPSING FLUID.
We are interested in nding a solution of a collapsing compact cloud of a fluid, that is stationary in the following
sense:
i) the mass accretion
_m  (@0 − _R@R)m(R(r))jR=const
on a black hole is constant in time, inside inner parts of the cloud.
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ii) the radial fluid velocity U = @0R
N
shall be constant at a xed value of the areal radius R, (@0 − _R@R)U = 0;
iii) the energy density at a xed areal radius does not change in time.
Asymptotically, i. e., close to the outer boundary of the collapsing gas, its speed U must be much smaller than
speed of sound. In fact we assume U1 = 0.
Througout this section we shall make use of the comoving coordinates described hitherto; it is necessary to point
out that they cover only the region with the collapsing fluid. It would be of no problem, however, to glue that piece
of spacetime with the outer vacuous region.
At rst, we shall prove the following useful fact
Theorem. Under conditions i-iii), _m does not depend on R within the fluid lled zone, @R _m = 0.
Proof.
The momentum constraint can be written as
@R(UR
2) = R2trK: (4.1)
>From the stationarity
@0( _RR
2) = _R@R( _RR
2): (4.2)
Now, notice that _m = −4NUR2(+ ~p), we obtain @R _m = I + II + III, where
I = N(+ ~p)@R(UR
2)
II = NUR2@R~p+ UR
2(~p+ )@RN
III = NUR2@R: (4.3)
Using (4.1), one writes I = NR2trK(~p + , while the stationarity condition ii) allows one to write III = R2@0 =
−NR2trK(~p + ) (the second equality follows from (3.10)). Thus I + III = 0; since II = 0 (due to the momentum
conservation (3.9)), we arrive at @R _m = 0.
Let us remark, that the above implies that the rate of increase of the areal radius of an apparent horizon is constant
in time.
Assume the equation of state
~p = KΓ: (4.4)
The momentum conservation equation (3.9 can be integrated,




where  = Γ−1Γ .
(4.5) asymptotically (m=R << 1) yields the Bernoulli equation, hence it can be regarded as the general-relativistic
version of the latter.

















− 4RN ~p: (4.7)

















integration of that, with the asymptotic condition at spatial innity N = pR2 = 1 leads to the following relation





























~p+ . The last term can be presented in another form (due to the relations between
a2;  and ~p), @R ~p~p+ =
Γ
Γ−1@R ln(a





The whole set of equations describing the collapsing stationary fluid is given by (4.13) and the previously written
equations (4.5), (4.10) and (4.11).
Calculation of @R ln(a
2 + Γ), with a2 given by (4.5) and N being specied above, yields
@R ln(a






2 + 16R(~p+ )

: (4.14)













Let R be the maximal radius dened by the equality U =
pR
2 a. Such a radius is expected to exist, since asymptotically
U << a and one envisions that near a horizon the radial speed of falling gas exceeds the speed of sound. The insertion



























































Let us point out that results of this section do include the back eect that falling matter exerts onto a geometry.
They give a foundation for the description of accretion collapse of thick and heavy clouds of gas onto a black hole.
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V. RELATIVISTIC ACCRETION: NEGLECTING BACKREACTION
Up to now we have considered a fully nonlinear stationary system consisting of a black hole and a cloud of gas that
would dynamically influence a geometry through a backreaction. All hitherto proven results are exact.
In what follows we shall investigate a simplied picture. Let us consider a massive spherical black hole surrounded
by a coating of fluid; in the spherically symmetric case it is meant that the contribution of a fluid to the total
asymptotic mass of a system is negligible, in comparison to m =
q
A
4 , where A is the area of the boundary of the
black hole horizon.
We will assume, in particular, that
R
R>2m0
drr2 << 2m and
R
R>2m0
drr2 ~p << 2m. Under those circumstances
































that is a purely algebraic system of equations. It shall coincide with the description of the fluid accretion in a xed
space-time (Schwarzschild) geometry, when neglecting the back eect that falling matter influences onto a geometry.
Its solution, which is available at best numerically, would determine the rate of mass accretion. There is, however,
one subtle point. Namely, if one denes R and repeats the same reasoning as in the former section then one will nd







that amounts to the demand that not only N is close to pR=2 but also @RN is approximated by @R(pR)=2. It is clear
that (5.4) follows from the "lightness" condition expressed at the beginning of the present section, when R >> m.



























It is not clear whether all reasonable solutions of the exact - including backreaction - system of equations satisfy
property (5.4) also for those points Rthat are close to the horizon of a black hole. The question (overlooked in former
investigations) whether backreaction is relevant in accretion processess of light clouds of perfect fluid is warrant
elucidation, in our opinion.
VI. BONDI MODEL AS A NONRELATIVISTIC LIMIT
Asymptotically (m=R << 1) the sonic radius RS coincides with R and one obtains the same relation as in the






The condition for the asymptotic sonic point, i. e., 2m=RS << 1 can be obtained through the insertion of











At spatial innity, where x = 0, the left hand side of (6.1) is smaller than the right hand side. Thus the necessary





which implies that Γ < 5=3.
Insertion of (4.18), (4.17) and N (all quantities being calculated at a sonic point) into the mass accretion expression









One can show, using standard arguments [2], that if the cloud of gas is thick enough, then there exists a solution
with the sonic point being located in the asymptotic region, with 2mR << 1. Parameters describing a sonic point
ca be obtained as follows. Expanding equation (6.1) in powers of x = 2mRS yields the following relation between the










(6.3) gives the well known newtonian formula [2].
An interesting question is whether there exist sonic points (inner sonic points in case of doublets) near the apparent
horizon of the black hole. Double sonic points can not exist in the newtonian limit. In order to answer that question,
one needs to analyze the relativistic sector of equation (4.5).
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